A mechanical model for analyses of rapid deformation and fracture in three-dimensional fiber materials is derived. Large deformations and fractures are handled in a computationally efficient and robust way. The model is truly dynamic and computational time and memory demand scales linearly to the number of structural components, which make the model well suited for parallel computing. The specific advantages, compared to traditional continuous grid-based methods, are summarized as: (1) The model is applied to simulate and analyze crack growth in random fiber networks with varying density of fibers. The results obtained in fracture zone analyses show that for sufficiently sparse networks, it is not possible to make predictions based on continuous material assumptions on a macroscopic scale. The limit lies near the connectivity l c =L ¼ 0:1, where l c =L is the ratio between the average fiber segment length and the total fiber length. At ratios l c =L < 0:1 the network become denser and at the limit l c =L ! 0, a continuous continuum is approached on the macroscopic level.
Introduction
The aim of this work is to derive a numerical three-dimensional material model to explore the dynamics of rapidly loaded and fracturing fiber-based materials. There are many natural materials based on networks of fibers such as wood, bone, silk, tissue and organic plants. Examples of engineered fiber materials are fabrics, composites, textiles and paper. The traditional attempts to model network materials as continuous materials have not been completely successful, cf. Kulachenko et al. (2005) , Wellmar et al. (1997) and Heyden et al. (2000) . An assumption of macroscopic continuum has been shown to be a too rough estimation, cf. Silling and Bobaru (2005) , Isaksson and Hägglund (2009a,b) and Isaksson and Dumont (2014) , because certain heterogeneities linked to the microstructure cannot be captured within the traditional continuum mechanics framework. Advanced material modeling approaches are required to complement traditional methods.
The mechanical behavior of network materials has been the subject of many studies. Primarily static deformations have been analyzed, cf. Åslund and Isaksson (2011) , Niskanen and Alava (1994) and Åström et al. (1994) . Recently the focus of the mechanical analyses has been shifted toward fracture, cf. Hägglund and Isaksson (2008) , , Åström and Niskanen (2007) , Azecedo and Lemos (2006) , Fahrenthold and Horban (2001) , Shivarama and Fahrenthold (2004) and Johnson et al. (2011) , and is often based on finite element models, or in the form of gradient enhanced of non-local fracture methods, cf. Hägglund and Isaksson (2006) and , but still under quasi-static conditions. However, in some situations the loading of the material is too rapid to be captured by quasi-static models as complex dynamic phenomena prevails. One example, picked from the paper making industry, is in the ''open draw section'' where strain rates of 2-3% per millisecond are present. Another example is in high velocity ballistic impact. In later years a new group of computational models have emerged which are suited for dynamic problems, called ''hybrid particle element models'' developed to deal with e.g. high velocity impact, cf. Fahrenthold and Horban (2001) , Shivarama and Fahrenthold (2004) and Johnson et al. (2011) contact. If this is handled in a more efficient manner there is room for great improvement in computational speed.
The model derived here is a three dimensional representation of the mechanical behavior, and works for any type of network material, be it thick or thin, sparse or dense. It is well suited for several types of analyses, including; resonance, flexibility and various types of fracture behavior. Contacts are dealt with without the cumbersome search for contact, which greatly improves the computational speed and allow for analysis of very large systems and long sequence of events. The focus is on dynamical analyses, but it is also possible to do quasi-static analyses which could be of interest for large systems since the memory demand scales linearly to the number of structural components. Special attention is given to dynamic fracture of thin network materials. A special class of problems picked from the real world, paper-web break under uniaxial load, is tackled to exemplify how the model might be utilized. The fringing shown in Fig. 1 are typical results from a quasi-static response to uniaxial load. A crack then nucleates from a present flaw and as the crack rapidly grows, new fringes arise whilst the existing fringes remain. The last image in the sequence shows the complete fracture, i.e.when the material is unloaded and the fringes have disappeared.
Theory

Random fiber network
The materials that are in focus in this study are those consisting of fibers, initially randomly oriented in a thin structure and on the macroscopic scale considered being in-plane isotropic. Any matrix material is ignored. This is a good approximation for e.g. paper, non-woven felts and polyester textiles. Any shape of the fibers cross-section can be applied, but the fibers are here idealized to have square cross-sections with side length h. The model allows for forces and movement in three dimensions. To assure that the fibers are evenly distributed over the whole network domain A n some precautions are added when generating the networks. As shown in Fig. 2 , fiber segments reaching outside the domain's boundary are moved one side-length in a specified direction and are so located inside the network domain.
A random network is characterized by its connectivity
2 , where L is the fiber length, l c the average distance between two adjacent bonds along a fiber and N is the total number of fibers in the domain A n . There is an upper limit of the connectivity, called the percolation limit, l c =L % 0:27, meaning that with a length ratio l c =L above this limit the network is not connected. In the limit l c =L ! 0, a continuum is approached on the macroscopic scale.
Particle representation
The end of each fiber segment is represented by a particle, with six degrees of freedom, three translational and three rotational, illustrated in Fig. 3 . Let the deformation tensor l u i be the change in orientation for particle l with original position r 0 and present po- (Fig. 3 ). The particles are subjected to forces and move according to Newton's mechanics. Moreover, the particles have inertia and mass according to the fiber segments they represent. With reference to Fig. 4 , particle k holds the mass and moment of inertia for the left segment part; particle l holds the mass and moment of inertia for the middle segment, while particle m holds the mass and moment of inertia for the right segment.
Fiber-to-fiber bonds
In the network generation process, each fiber is initially represented by two particles, one in each end. Wherever two fibers intersect, they form a bond and a new particle is added to each of the crossing fibers at that point. A bond, illustrated in Fig. 5 , is a massless linear elastic spring having translational and torsional stiffness and vanishing thickness. The materials that are in focus have rigid bonds, compared to the rigidity of the fibers, therefore the spring in the bond is very stiff compared to the fibers in the network. For another material the bond may be computed in another fashion, such as freely rotating or to include slip-stick events, but this is left for future studies. The stiff connection results in small deformations of the bonds even when the bonds are translated and rotated in space. The governing equation for a bond is: 
Fibers
The fibers are divided into segments so that each segment spans between two bonds, as illustrated in Fig. 6 . Each segment is mathematically described by equations of a three-dimensional geometrically nonlinear Reissner beam, cf. Reissner (1972) and Krenk (2009) that capture large deformations and rotations as well as relatively small length-to-width ratios. Each beam is a curved line in space, beginning and ending in a particle.
With reference to Fig. 7 , the two planes making up the cross sections of a segment connecting particle l and m is spanned by the four unit vectors l n g ; l n f ; m n g ; m n f and have normal vectors l n n ¼ l n g Â l n f and m n n ¼ m n g Â m n f given in a local coordinate system ðn; g; fÞ. The formulation assume the fiber-segment being originally oriented along the local n-axis wherefore a transformation is necessary. This is accomplished with the transformation tensor T ij
where # is the angle between vector b and b 0 , and ijk is the permutation symbol.
In the local coordinate system of a fiber-segment connecting particle l and m, the deformation tensors are given by rotations of the global deformations according to
where R ij is the standard 3D rotations matrix, cf. Cook et al. (1989) . The segment is further assumed to have a continuous potential energy function U according to:
where E and G are the fiber's Young's and shear modulus, A is the segment's cross sectional area, GI n ; GI g ; GI f the torsional and bending stiffness around the segment axis n; g; f and ds is the infinitesimal length along the segment. The longitudinal strain is
x . The resultant internal force F l i on particle m, expressed in the local coordinate system, is:
and the fiber-segment force m F f i on particle m expressed in the global frame of reference is:
For a full derivation of the theory and used equations the interested reader is directed to e.g. the work by Krenk (2009) or Pacoste and Eriksson (1997) . Full expressions for F l i and u l i , in Matlab code, are found in the appendix section.
Fracture
Both bonds and fiber segments may fracture if the strain energy density exceeds specific fracture energy densities C b for bonds and C f for fibers. Fracture is computationally achieved by canceling the interaction between the particles belonging to the structural component and thus has no additional computational cost, but rather each fracture speeds up the computation. It is noteworthy that fracture requires no adaptive re-discretization of the problem.
Time integration
For advancement in time a semi-implicit Euler method is used, cf. Cromer (1981) and Hairer et al. (2006) , according to:
In (6), t refers to time, with specific time-step Dt and the force tensor k F tÀDt i is a tensor containing the sum of all forces acting on particle k expressed in the global frame of reference, such as p is the mass of particle k and a is a constant chosen to represent the angular moment of inertia and is supposed to be large. The semi-implicit Euler method yields good results at a low cost, since it is even less computationally intensive than an ordinary Euler method, because it does not utilize an intermediate memory storage. Performance might be improved further if a 5:th order Runge-Kutta integration scheme is used, however it is outside the scope of this study to find the optimal time integration method. The efficiency of a numeric method is strongly dependent on the problem it is dealing with.
Model
The model is used to analyze crack growth in thin squared domains A n of side length W ¼ 200 mm composed of different number N of fibers with length L ¼ W=4. The body contains an initially sharp straight crack of length a 0 ¼ L oriented along the global x-axis located in the center of the body, as illustrated in Fig. 8 . For computational purposes the shortest allowed fiber-segment length is limited to 1/100 of the fiber width, i.e. l c P h=100. If a bond is to be formed so that a shorter fiber segment would be generated, the bond is formed at the existing bond or, if closer, away from the existing bond so the segment length is 1/100 of a fiber width. This trick substantially improves the computational speed. The deformation and crack behavior was evaluated for a set of networks with and without this trick and no considerable change was observed in the solutions, wherefore the applied strategy seems sound. This is not surprising since the geometrical changes are vanishingly small in comparison to all other relevant lengths in the networks. Initially, the fibers are also given a small perturbation in the z-direction, to initiate out of plane motion, according to zðx; yÞ ¼ W cos½4px=W cos½4py=W Á 10 À9 . The utilized time step is Dt ¼ 0:1 ns and the damping coefficient is k ¼ 10 À6 .
The damping is set arbitrarily, large enough to drain energy before fracture nucleations and small enough not to affect the overall fracture process. It would be possible to evaluate the damping from experiments but it is not done in this study. Likewise a ¼ 10 3 is a reasonable choice according to conventional theory and has been observed to yield good results, cf. Felippa et al. (2004) . Throughout the simulations, the body is slowly deformed via vertical displacements at constant velocity on the two horizontal boundaries. At some point during the simulations, fracture initiates somewhere in the network. For the sake of transparency, only fiber fractures are here considered. Even though no bonds fractures, the possibility is included for the sake of completeness and will be utilized in future studies. The fractures may thus grow at existing cracked regions or elsewhere. During the continued simulations, the nucleated fractures grow rapidly in a dynamical sense. At every fracture, energy dissipates out from the system. The driving force for nucleating fractures is a combination of deformations due to the slowly applied boundary tractions and the faster stress/strain waves arising due to fracture events in the neighborhood in the network. Fig. 9 shows a visualization of the particle model so that the reader may get a ''feeling'' for the method.
Network connectivities ranging between l c =L ¼ 0:04 and l c =L ¼ 0:25 are analyzed, thus both dense and sparse networks are simulated. For networks with connectivity larger than l c =L ¼ 0:1, ten different networks are simulated while for denser networks three different networks are simulated. This is because the sparser networks result in significantly higher variations in the mechanical behavior than the denser ones. The longest simulation is about 1 ms, i.e. around 10 7 discrete time steps is utilized. . The vertical displacements are given at a rate of 100 m/s at the upper and lower horizontal boundary, in opposite directions. Moreover, the length-to-width ratio of the fibers is held at L=h ¼ 100, which is typical for natural materials (Niskanen, 1998) .
The equations outlined above and in Appendix are implemented in a computational cluster environment utilizing state-of-the-art methods, cf. Herlihy and Shavit (2012) , and parallelized algorithms. The nature of the analyzed material, i.e. many discrete structural components, makes the model suitable for parallelization.
Results
For illustrative purposes, a simulated fracturing network with connectivity l c =L ¼ 0:07 is shown in a sequence in Fig. 10 . The first two images shows the deformed pre-cracked network prior to continued crack growth. Note the vertical fringes, resembling the fringes in the ''real world'' images in Fig. 1 . The third image shows when the crack has started to grow and the last image when the fracture is complete. The image sequence in Fig. 9, and Fig. 10 , clearly reveals the computational model's ability to capture large rapid deformations and fractures in a dynamical way without any adaptive re-discretization algorithm.
Fracture zone width
The width of the ultimate fracture can be interpreted on both a macroscopic and a microscopic level. The macroscopic crack width is estimated as twice the average orthogonal distance Dy measured from the original crack plane to a fractured fiber segment, Fig. 11 . To compute the microscopic crack width, the crack is first divided into three sections, left, center and right. The center part is the existing crack; the left and right parts are the developed fracture emerging from each original tip. The left and right cracks are approximated with a straight inclined line, fitted in a least-square sense, and the distance Dw is estimated as the orthogonal distance from this fitted line to each fracture event, . This microscopic crack width is approximated as twice the average of Dw. One way of illustrating the similarities is that the macroscopic crack width is measured as the microscopic crack with the assumption that the crack grows parallel to the original crack and emanates therefrom. The calculated macroscopic and microscopic crack widths are shown in Fig. 12 . If micro fractures occur at positions in a region close to an existing crack tip, the fracture is interpreted as localized. For each set of networks, the ratio of micro fractures that are localized to existing tips is shown in Fig. 13 . The decrease in the localizing behavior from l c =L ¼ 0:08 to l c =L ¼ 0:12 represent when the existing crack no longer is able to localize the micro fractures. This shift in fracture behavior is even more prevailing in the fracture zone width, Fig. 12 .
Crack growth velocity
The crack growth mechanism in network materials is different from the mechanism in traditional, more continuous materials. In a classical homogenous material a crack grows continuously from the start to end, and the average crack growth rate will be equal to the average of all growth rates. In a network material, however, a crack may grow at more than one location simultaneously, via several micro-cracks that eventually coalesce. In this case it is possible that the average growth rate is not equal to the average of the growth rate of the micro cracks. To compare the two interpretations the terms microscopic and macroscopic growth velocity is introduced. Microscopic growth velocity is interpreted as the momentary velocity at which a micro crack grows whilst macroscopic growth velocity is the total length of the final fracture divided by the time difference of the first and last fractured fiber segment forming the crack. Simulation results for these two concepts are shown in Fig. 14 . The distinction between sparse and dense networks is visible in the results from the microscopic crack growth velocity, where one observe a considerable change of the standard deviations around l c =L % 0:1.
Discussion
The results of the performed fracture simulations reveal some remarkable phenomena. Analysis of the fracture zones clearly shows a significant shift in the dynamical behavior of fracturing networks. The dense networks, i.e. l c =L < 0:1, are able to localize the continued crack growth to initial flaws or defects. The sparser networks are more ''forgiving'' in the sense that cracks may nucleate and grow elsewhere despite that a relatively large defect/crack is present. This become more prevalent the sparser the network is. Moreover, from Fig. 12 it is obvious that the width of the fracture Fig. 9 . Visualized deformations in a network captured with the discrete particle model. The images show the region around the initial crack at the moment immediately before nucleation of the first micro fracture. Note the fringing orthogonal to the crack. Left: Each ball-marker represents a discrete particle. Right: Corresponding fiber representation. zone scales linearly to the connectivity for the dense networks, meaning that the average segment length in the material controls the size of the fracture zone. This mechanical behavior is not observed in the sparse networks in which the fracture zones are significantly more diffuse. The limit l c =L % 0:1 is thus important for understanding the dynamics of rapid fracture behavior and sensibility for this class of complex materials. The distinction between sparse and dense networks is also visible in the results from the microscopic crack growth velocity, Fig. 14 , where there is a considerable change of the standard deviations around this limit. The large standard deviations in velocity in sparse networks are to be expected since there is not necessarily one single growing crack but several simultaneously growing cracks in the network.
Based on the well-known expressions for crack growth velocity in a continuum material and the deformation wave speed in network materials, cf. Kanninen (1974) , Freund (1998) and Persson and Isaksson (2013) , the expected microscopic crack growth velocity in the simulated networks would be expected to be somewhere in the range of 0:2c 1 À 0:3c 1 , where c 1 is the longitudinal wave speed ffiffiffiffiffiffiffiffi ffi E=q p . The results of the simulations, Fig. 14 , show that the examined networks have a crack propagation velocity of around v ¼ 0:26c 1 , independent of l c =L but with a slight variation for different networks. There is no upper or lower limit for the macroscopic crack growth velocity, since networks may begin to fracture in several places at once and thus their respective velocity might be added to get the macroscopic velocity, and a growing crack may come to rest and later on continue to grow. Although there is a considerable variation of the microscopic crack growth velocities in the networks, this leads to a small variation in the macroscopic behavior, Fig. 14 . The results from the fracture zone width analysis, the crack growth velocity analysis, and the crack localization analysis, all show that for sparse networks l c =L > 0:1 it is not possible to make predictions based on continuous material assumptions on a macroscopic scale.
Conclusions
A three-dimensional particle model for simulating rapid deformation and fracture of fiber-based materials is derived. The model has significant advantages over common computational methods such as the finite element method in that the model does not require any sophisticated adaptive re-meshing technique. Fracture is computationally achieved by canceling the interaction between the particles belonging to the structural component and thus has no additional computational cost, but rather each fracture speeds up the computation. Additionally, no predefined crack paths or crack path criteria needs to be formulated. Nucleated cracks have no idealized continuous surfaces but discrete geometries. Large deformations and fractures are handled in a computationally efficient and robust way. Computational time and memory demand scales linearly to the number of structural components, which make the model well suited for parallel computing.
The model is applied to study static loading response and rapid fracture in planar fiber networks of different connectivity. A number of examples reveal the global and local fracture behavior both with regard to velocity and to crack paths. The networks are here divided into two classes, dense and sparse. The limit between the two lies around l c =L ¼ 0:1, where the connectivity l c =L is the ratio between the average fiber segment length and the total fiber length. At ratios l c =L < 0:1 the network become denser and in the limit l c =L ! 0, a continuum is approached on the macroscopic level. The simulations confirm that dense networks are more predictable and their behavior is closer to that of continuum materials whilst the sparse networks have a less uniform behavior. The fracture zone width, represented by global and local crack widths, exhibits a strong dependency on the average fiber segment length for dense networks, while the fracture zone is very diffuse for sparser networks and is difficult to estimate. The analysis clearly shows a significant shift in the dynamical behavior of fracturing networks. The dense networks are able to localize the continued crack growth to initial flaws or defects. The sparser networks are more ''forgiving'' in the sense that cracks may nucleate and grow elsewhere despite that a relatively large defect/crack is present. This become more prevalent the sparser the network is. The crack growth velocity is shown to be fairly constant and not dependent on the network connectivity.
The results from the fracture analysis unanimously show that for sparse networks it is not possible to make predictions of the dynamic crack growth process based on continuous material assumptions on a macroscopic scale.
Fiber segments
The following Matlab script result in c or Fortran codes to calculate the local force F ¼ ½f 1; f 2 with the forces f 1 and f 2 as the resultant six force components on particle i ¼ 1 and six force components on particle j ¼ 2 from a segment joining the two. The segment has length l, Youngs' modulus E, shear modulus G, cross sectional area A, shear stiffnesses GA y and GA z . The torsion stiffness is EI along the local x-axis, and the bending stiffness are given by EI y and EI z . The local deformations of particle i and j are given by ½u1i; u2i; u3i; t1i; t2i; t3i and ½u1j; u2j; u3j; t1j; t2j; t3j, respectively, where u is translation and t is rotation.
Bonds
The following Matlab script result in c or Fortran codes to calculate the local force F ¼ ½f 1; f 2 with the forces f 1 and f 2 as the resultant six force components on particle i ¼ 1 and six force components on particle j ¼ 2 from a bond joining the two. The local deformations of particle i and j are given by ½u1i; u2i; u3i; t1i; t2i; t3i and ½u1j; u2j; u3j; t1j; t2j; t3j, respectively.
